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Abstract 



In this paper we introduce the notion of degree for C -cocycles over irrational 
rotations on the circle with values in the group 577(2). It is shown that if a C 1 - 
cocycle ip : T — * SU (2) over an irrational rotation by a has nonzero degree, then the 
skew product 



T x SU(2) B (x, g)^(x + a,g <p{x)) G T x SU{2) 



is not ergodic and the group of essential values of <p is equal to the maximal Abelian 
subgroup of 577(2). Moreover, if ip is of class C 2 (with some additional assump- 
tions) the Lebesgue component in the spectrum of the skew product has countable 
multiplicity. Possible values of degree are discussed, too. 

1 Introduction 

Assume that T : (X, £>, A) — ► (X, B, A) is an ergodic measure-preserving automorphism 
of standard Borel space. Let G be a compact Lie group, \x its Haar measure. For a given 
measurable function ip : X —>■ G we study spectral properties of the measure-preserving 
automorphism of X x G (called skew product) denned by 



A measurable function ip : X — > G determines a measurable cocycle over the automorphism 
T given by 



T r (IxG,A®|i)^(Ix G,X<S> //), T v (x,g) = (Tx,g<p(x)). 




-i 



for n > 
for n = 
for n < 
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which we will identify with the function ip. Then T™(x,g) = (Tx, gip( n '(x)) for any integer 
n. Two cocycles ip, ip '■ X — > G are cohomologous if there exists a measurable map p : X — > 
G such that 

= p(a;) _1 ^(x) p(Tx). 

In this case, p will be called a transfer function. If ip and ?/> are cohomologous, then the 
map (x,g) t— > (x,p(x) g) establishes a metrical isomorphism of and T^. 

By T we will mean the circle group {z G C; |z| = 1} which most often will be treated 
as the group R/Z; A will denote Lebesgue measure on T. We will identify functions on T 
with periodic of period 1 functions on R. Assume that a G T is irrational. We will treat 
the case where T is the ergodic rotation on T given by Tx = x + a. 

In the case where G is the circle and ip is a smooth cocycle, spectral properties of T v 
depend on the topological degree d(ip) of ip. For example, in || A. Iwanik, M. Lemahczyk, 
D. Rudolph have proved that if <p is a C 2 -cocycle with d(ip) ^ 0, then T v is ergodic and 
it has countable Lebesgue spectrum on the orthocomplement of the space of functions 
depending only on the first variable. On the other hand, in J| P. Gabriel, M. Lemahczyk, 
P. Liardet have proved that if <p is absolutely continuous with d(<p) = 0, then T v has 
singular spectrum. 

The aim of this paper is to find a spectral equivalent of topological degree in case 
G = SU{2). 



2 Degree of cocycle 

In this section we introduce the notion of degree in case G = 577(2). For a given matrix 

A = [ay]ij=i,...,d G Md(C) define ||A|| = J ^ Yli,j=i l a *il 2 - Observe that if A is an element 
of the Lie algebra su(2), i.e. 



A 



ia b + ic 
-b + ic —ia 



where a, b, c G R, then 
i.e. 



V det A. Moreover, if B is an element of the group SU(2), 
A = 



z\ z 2 

-Z2 Zl 



where z x , z 2 G C, \z x \ 2 + \z 2 \ 2 = 1, then Ad B A = BAB' 1 G su(2) and || Ad B A|| = 
Consider the scalar product of su(2) given by 

(A, B) = --tr(adAoadS). 
8 

Then ||A|| = a/ (A, A). By L 2 (X,su(2)) we mean the space of all functions / : X — > su(2) 
such that 



L 2 



||/(o;)|| 2 ^<oo. 



x 



2 



For two /i, f 2 G L 2 (X,su(2)) set 

(/i,/ 2 >l"= / (/i(x),/ a (x)>da;. 
Jx 

The space L 2 (X, 5u(2)) endowed with the above scalar product is a Hilbert space. 
By L 1 (X,5u(2)) we mean the space of all functions / : X — > su(2) such that 

II/IIli= / ||/(x)||cfa<oo. 
Jx 

The space L 1 (X,su(2)) endowed with the norm || \\ L i is a Banach space. 

For a given measurable cocycle </? : T — > 5C/ (2) consider the unitary operator 

(1) U : L 2 (T,su(2)) - L 2 (T,su(2)), Uf(x) = kd v(x) f(Tx). 

Then U n f(x) = Ad^(n) , x )f(T n x) for any integer n. 

Lemma 2.1 There exists an operator P : L 2 (T,5u(2)) — > L 2 (T, su(2)) snc/i t/icrf 

1 71—1 

H 3=0 

for any f G L 2 (T, su(2)) and U o P = P. Moreover, \\Pf\\ is constant A-a.e.. 

Proof. First claim of the lemma follows from the von Neuman ergodic theorem. 
Since U o P = P, we have Ad^) Pf(Tx) = Pf(x), for A-a.e. x G T. It follows that 
\\Pf(Tx)\\ = ||P/(a;)||, for A-a.e. x e T. Hence \\Pf{x)\\ = c, for A-a.e. x G T, by the 
ergodicity of T. ■ 

Lemma 2.2 For every f G L 2 (T, su(2)) the sequence ^ X]j=o ^/ converges X-almost 
everywhere. 

Proof. Let / G L 2 (T x SC/(2),su(2)) be given by f(x,g) = Ad g f(x). Then 

f(T^(x,g))= Ad g (U n f(x)) 
for any integer n. By the Birkhoff ergodic theorem, the sequence 

1 n— 1 n—1 

</)) = Ad 5 (-5>V(x)) 
n z — ' T n z — ' 

3=0 3=0 

converges for A <S> /i-a.e. (x,g) G T x SU{2). Hence there exists g G SU{2) such that 
Ad ff (i ^"=o U 3 f(x)) converges for A-a.e. iGT, and the proof is complete. ■ 

Recall that, if a function ip : T — > SU(2) is of class C 1 , then D</?(:r)</?(:r) _1 G su(2) for 
every rr G T. 
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Lemma 2.3 For every C l -cocycle <p : T — > SU(2), there exists if) G L 2 (T, su(2)) such 



that 



-Dp (n) (p 



n 



ip in L 2 (T,su(2)) and X-almost everywhere. 



n-l 



Moreover, \\if>\\ is a constant function \-a.e. and ip(x)if)(Tx)<p(x) 1 = if>(x) for X-a.e. 
x E T. 



Proof. Since 

Dp {n) (x) 

we have 

Di P ^\x)(^ n \x))- 1 



■ ■ ■ ip(T j - l x)Dip(T j x)ip(T j+1 x) . . . p(T n ~ l 

3=0 



X 



n-l 



v( x ) ■ ■ ■ <p(T j - 1 x)Dip(T j x)<p(T j x)- 1 (p(T j - 1 x)- 1 . . . ^{x)- 1 

3=0 

n-l 

^^\x)Dip{T j x)ip{T j x)- 1 {ip {j \x)Y l 



3=0 

n-l 

3=0 



where U is the unitary operator given by (ID). Applying Lemmas |2.1| and we get 
if) = P{Dp y? -1 ), and the proof is complete. ■ 

Definition 1 The number \\if>\\ will be called the degree of the cocycle p and denoted 
by d(<p). 



Lemma 2.3 shows that 



-\\Dp^\p^)- l \\ L ,^d{p). 



n 



On the other hand, ||£)<£>^(<£>^) _1 ||i,i is the length of the curve cp( n '. Geometrically 
speaking, the degree of <p is the limit of length(<^"))/n. 

A measurable cocycle 5 : T — > SU (2) is called diagonal if there exists a measurable 
function 7 : T — > T such that 



8{x) 



j(x) 



7(x) 



Theorem 2.4 Suppose that ip : T — > SU(2) is a C 1 -cocycle with d(<p) 7^ 0. Then p is 
cohomologous to a diagonal cocycle. 
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Proof. For every nonzero A e su(2) there exists Ba £ SU(2) such that 



B A A(B A ) 



i\\A\ 






-z'lUI 



Indeed, if A 



ia b + ic 
—b + ic —ia 



then we can take 



B 



-a b+ic 



2IIAII 



l|A||-a 



2||A| 



|6+ic| 

Z 

-1 

1 
1 
1 



2IIAII 



\\A\\+a b-ic 
2\\A\\ \b+ic\ 



if \a\ ^ \\A\\ 

if a = -||A| 
if a=\\A\\. 



Set p(x) = Bm x \. Then p : T — > SU(2) is a measurable function and 



Since <p(x)ip(Tx)<p(x 

ip(x)p(Tx 
Hence 

p(x)<^(a;)p(T2;) _1 



z 





z d(</?) 




p(x)~ x 
ip(x), we have 

p(Tx)<p(x) 





-z d(</?) 





-z d(ip) 



p(x 



,-i 



Z 







-Z G?(<^) 



z cf(</?) 






-z d(</?) 



z d(</?) 






-z d(<£>) 



Since d(<p) ^ 0, we see that the cocycle 5 : T 
is diagonal. ■ 



p(x)cp(x)p(Tx) . 
SU{2) defined by S(x) = p(x)(p(x)p(Tx)~ 1 



a measurable cocycle such that the cocycles (p and 



are cohomologous. It is 



For a given C 1 -cocycle ip : T — > SU(2) with nonzero degree let 7 = j((p) : T -> T be 

7 

(7)- 1 

easy to check that the choice of 7 is unique up to a measurable cohomology with values in 
the circle and inverse. 

Theorem |2.4| shows that if d(ip) 7^ 0, then the skew product is metrically isomorphic 
to a skew product of an irrational rotation on the circle and a diagonal cocycle. It follows 
that T 9 is not ergodic. However, in the next sections we show that if d(<p) 7^ 0, then <p is 
not cohomologous to a constant cocycle. Moreover, the skew product T 7 :TxT^TxT 
is ergodic and it is mixing on the orthocomplement of the space of functions depending 
only on the first variable. We prove also that (with some additional assumptions on p) 
the Lebesgue component in the spectrum of T 7 has countable multiplicity. It follows that 
if d(p) ^ 0, then: 
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all ergodic components of T v are metrically isomorphic to T. 



• the spectrum of T v consists of two parts: discrete and mixing, 

• (with some additional assumptions on ip) the Lebesgue component in the spectrum 
of Ttp has countable multiplicity. 

In case G = T the topological degree of each C 1 -cocycle is an integer number. An 
important question is: what can one say on values of degree in case G = SU(2)1 If 
a cocycle ip is cohomologous to a diagonal cocycle via a smooth transfer function, then 
d(<p) G 2ttN = 2tt(NU {0}). 



We call a function / : T — > SU(2) absolutely continuous if /, 



T 



is abso- 



lutely continuous for i,j = 1,2. Suppose that <p is cohomologous to a diagonal co- 
cycle via an absolutely continuous transfer function. Then tp can be represented as 
<p(x) = p(x) _1 5(x)p(Ta:), where 5, p : T — > SU(2) are absolutely continuous and 5 is 
diagonal. Since ip^(x) = p(x)~ 1 5 ( - n \x)p(T n x), we have 

-Dip^ixMip^ix))- 1 = -(-p(x)- l Dp(x) +^ n \x)p(T n x)- 1 Dp(T n x)(^ n \x))- 1 
n n 



On the other hand, 5(x) 



+p{x)- l D5 {n \x){5 {n \x))- l p{x)). 




7(x 



where 7 : T — > T is an absolutely continuous 



cocycle of the form 7(2;) = exp 271^(7(2;) + kx), where k is the topological degree of 7 and 
7 : T — > R is an absolutely continuous function. Then 

1 1 

-D^ n \x)h {n \x))~ l = 2m(- y^DjiTix) + k) -> 2mA; 



in I/fT, 



by the Birkhoff ergodic theorem. It follows that 
1 



n 



-D<p( n \x)(<p (n \x))-' p(x)- 1 



2nik 






2nik 



p(x) 



in L 1 (T,5u(2)). Hence d(y>) = 2vr|d(7)| e 2ttN . 

In Section [7| it is shown that if a is the golden ration, then the degree of every C 2 -cocycle 
belongs to 27rNo, too. 



3 Notation and facts from spectral theory 

Let U be a unitary operator on a separable Hilbert space Ji. By the cyclic space 
generated by / G 7i we mean the space Z(/) = spanjf/™/; n G Z}. By the spectral 
measure Of of / we mean a Borel measure on T determined by the equalities 

<7/(n)= / e 2mnx da f {x) = {U n fJ) 
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for fisZ. Recall that there exists a sequence {/ n }ngN in H. such that 
(2) H = er=i Z(/ B ) anrf ^ » a h . . . . 

Moreover, for any sequence {/^} n eN in T~t satisfying (Q) we have ap = ap, ap = up , . . . . 
The above decompositions of TL are called spectral decompositions of U . 

The spectral type of ap (the equivalence class of measures) will be called the maximal 
spectral type of U. We say that U has Lebesgue (continuous singular, discrete) spectrum 
if ap is equivalent to Lebesgue (continuous singular, discrete) measure on the circle. An 
operator U is called mixing if 

a f (n) = (£/»/, /)-0 

for any / G Ji. We say that the Lebesgue component in the spectrum of U has countable 
multiplicity if A aj n for every natural n or equivalently if there exists a sequence {g n }nm 
in such that the cyclic spaces Z(p n ) are pairwise orthogonal and <r 9n = A for every natural 
n. 

For a skew product consider its Koopman operator 

U Tip : L 2 (T x G, A ® //) -> L 2 (T x G, A © //), Z7T„/(ar, (7) = /(Tx, 5 ^(z)). 

Denote by G the set of all equivalence classes of unitary irreducible representations of the 
group G. For any unitary irreducible representation II : G — > U(Hu) by {IL.,}^- =1 we 
mean the matrix elements of II, where dn = dim7in- Let us decompose 

i 2 (TxG) = 00^, 

where 

W? = {J2 KMfAx); fj G L 2 (T, A), j = 1, . . . , d u } — L 2 (T, A) © ... © L 2 (T, A) . 
3=1 

Observe that TiY is a closed C/y -invariant subspace of L 2 (T x G) and 

j=l j,k=l 

Consider the unitary operator Mj 1 : — > TCf given by 

j=i 3=1 
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Then 

(3) U^Mff = e 2 ™ na MfU^J 

for any / G Hf. It follows that 

T JT 

for any / G TC^. Hence a M nj = TV/. 

Lemma 3.1 For every IL G G and i = 1, . . . , d w if the operator Ut v ■ 7~Cf — > T~Cf has 
absolutely continuous spectrum, then it has Lebesgue spectrum of uniform multiplicity. 

Proof. Let Tif = Z(/ n ) be a spectral decomposition. Then 

oo 

K = (M^rnf = 0z((M°r/ n ) 

n=l 

is a spectral decomposition for any integer m. Therefore o~f n = ai M n\m,f n <C A for every 
natural n and integer m. Suppose that there exists a Borel set A C T such that af n (A) = 
and X(A) > 0. Then 

a fn ({jT m A)=0 and A( |J T m A) = 1, 

m£Z m£Z 

by the ergodicity of T. It follows that o~y n = A or oy n = for every natural n. ■ 
Lemma 3.2 // 



x;i / %(^)(x))^i 2 < oo 



/or j = 1, . . . , du, then Ut v has Lebesgue spectrum of uniform multiplicity on Ti^ for 
i = 1, . . . ,dn- 

Proof. Fix 1 < i < d U - Note that 

mn ij ,n ij )=f] [ [ (n ik (g)n kj (^ n \x)),Il i:j (g))dgdx= ±- [ U n (^ n \x))dx. 
Jr Jg «n jt 

Since 

^|(^n lJ ,n^-)| 2 <oo, 

we have CTriy A for j = 1, . . . , dn- From fl3|) we get c^ M nj mIL .. <C A for any integer m. Since 
{/ G TCf;cr f < A} is a closed linear subspace of L 2 (T x G) and the set {(MP) m n y ;j = 
1, . . . ,dji,m G Z} generates the space Wj 1 , it follows that ?7 T has absolutely continuous 
spectrum on W?. By Lemma |3.1| , Ut has Lebesgue spectrum of uniform multiplicity on 

n u . m 



s 



Corollary 3.3 For every II e G, if 

Y^W [ I% (n) 0r))<fc|| 2 < oo, 

£/ien £7^ /ias Lebesgue spectrum of uniform multiplicity on ©^Tif. ■ 
Similarly one can prove the following result. 
Theorem 3.4 For every U e G, if 

lim / I% (ri) (x))dx = 0, 
then Ut v is mixing on ©^Tif- ■ 

4 Representations of SU(2) 

In this section some basic information about the theory of representations of the group 
SU (2) are presented. By Vk we mean the linear space of all homogeneous polynomials of 
degree k G No in two variables u and v. Denote by 11^ the representation of the group 
SU(2) in V k given by 

U ( ^ 5 )f {u,v) = f{z 1 u-ziv,Z2U + ziv). 

\ I —Z2 Zl J J 

Of course, all IT^. are unitary (under an appropriate inner product on Vk) and the family 
{110,11!, n 2 , . . .} is a complete family of continuous unitary irreducible representations of 
SU(2). In the Lie algebra su(2), we choose the following basis: 

h 

Let Vk be a k + 1-dimension linear space. For every natural k there exists a basis vq, . . . , v k 
of Vk such that the corresponding representation IT£ of su(2) in Vk has the following form: 

U* k {e)vi = i(k-i + l)vi_i 

K(f) v i = v i+i 
n* k (h)vi = (k-2i) Vi 



" 1 " 




"01" 


, / = 


"00" 


-1 


, e = 





1 



for i — 0, . . . , k. Then 
(4) 

for any A e su(2). 



\\A\\ < \\W k (A)\\ < k' 
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Lemma 4.1 

detU* 2k _ 1 (A) = ((2k-l)\\) 2 (detA) k 
for any A E su(2) and k E N. 



Ad 



Proof. For every A E su(2) there exists B E SU(2) and del such that A 
id 



B 



. Then 



-id 
TF 2k _ l (A) = TT 2k _ l (kd B 
It follows that 

detn; fc _ 1 (A) = detn; fc _ 1 



id 
-z'd 



id 
-z'd 



id 
-z'cf 



) = ((2k - l)Uyd 2k = ((2k - l)!!) 2 (det A) k . 



Lemma 4.2 For any nonzero A E su(2) the matrix U 2k _ 1 (A) ^ s invertible. Moreover, 
for every natural k there exists a real constant > such that 

linSfc-i^)" 1 !! < MM' 1 

for every nonzero A E su(2). 

Proof. First claim of the lemma follows from Lemma Set C = U^^^A). Then 

\[C\a\ < (2kY k (2k-l)\\\A\\ 2k - 1 
for i, j = 1, . . . , 2k. It follows that 

\[C]iA ^ (2k) Ak (2k-l)\\\A\\ 2k ' 1 (2k) Ak (2k-l)\ ] 



\{c- v 



< 



detrr^A) - ((2k - l)\\) 2 \\A\\ 2k ((2/c - l)!!) 2 



■pir 1 - 



Hence 



(2k) Ak+1 (2k-l)\ 
((2/fc - l)!!) 2 1 



Air 1 . 



5 Ergodicity and mixing of T. 
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Lemma 5.1 Suppose that {/ n }ngN is a sequence in L 2 (T, C) such that J® f n (y)dy 
for any x E T. Let g : T — > C be a bounded measurable function. Then 



lim / f n (y)g(T n y)dy = and lim / f n (y)g(y)dy = 



for any x E T. 
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Proof. By assumption, the sequence {f n }nen tends to zero in the weak topology 
in L 2 (T, C), which implies immediately the second claim of the lemma. Since {/ n }neN 
converges weakly to zero, for every integer m we have 

lim / f n (T~ n y) exp 27mm/ dy = lim / f n (y) exp 2irim(y + not) dy = 0. 

It follows that the sequence {f n o T _n } neN converges weakly to zero. Therefore 

f n (y)g(T n y)dy = [ f n (T~ n y)g(y)dy = 0. ■ 

This gives immediately the following conclusion. 

Corollary 5.2 Suppose that {f n }neN is a sequence in L 2 (T, Mfc(C)) (7c is a natural 
number) such that f n (y)dy — > /or any a; G T. Let g : T — > M fc (C) 6e a bounded 
measurable function. Then 

lim / f n (y)g(T n y)dy = and lim / f n (y)g(y)dy = 

n-*oojj n-*ooJ Q 

for any x G T. ■ 



Theorem 5.3 Lei </? : T — > SU(2) be a C l -cocycle with nonzero degree. Then the skew 
product T 7 (^) :TxT^TxTis ergodic and it is mixing on the orthocomplement of the 
space of functions depending only on the first variable. 



Proof. By Theorem [3.4| , it suffices to show that 



lim / {^ n \x)fdx = 

n-+oa J T 



for every nonzero integer k. Fix fceE Denote by ^ : T — > su(2) the limit (in L 2 (T, su(2))) 
of the sequence {~I}<^ n )((/?( T1 ))~ 1 cfA}„ 6 N- Let p : T — > SU(2) be a measurable function such 
that 







7(x) 



p(x)(p(x)p(Tx) 1 and Ad^^z)) 



id 
-id 



where d is the degree of <p (see the proof of Theorem |2.4j) . Then 

( 7 W)fc 



(5) 







( 7 ( 







n)\-fc+2 



( 7 ( 



n 



for any natural n and 

(6) Ad nk(pix)) U* k (i/;(x)) 



n 



id 
-id 

kid 

(k-2)id 




f -k + 2)id 



—kid 



Recall that for any differentiable function £ : T — > SU(2) and for any representation II of 
SU (2) we have 

^(n^xneor))- 1 = rroD^Or)- 1 ). 



Therefore 

X -Ul(D^\y)(^\y))- 1 )Il k ^ n \y))dy 



o 



-D(U k ^ n \y))dy 
n 

-(U k (^\x))-U k (^\0))) 



tends to zero for any i£l Since 

1 



n 



in L 2 (T,M fc+ i(C)), it follows that 

Ut^(y))U k ( 9 ^(y))dy^0 
for any x G T. By Corollary p.2| , 

uMv))K^{y))M^ n \vWMT n y))- l dy - o. 



On the other hand, 

by (Bl) and (M). Therefore 



ikd{^ {n \y)) k 




-ikd{-f {n) (y)Y 



lim / { 1 ^{y)) m dy = U 



for any nonzero m G {— fc, —k + 2, ... ,k — 2, k}, which completes the proof. 
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6 Spectral analysis of cocycles with nonzero degree 



In this section it is shown that for every cocycle ip : T — > SU(2) if d(p) ^ and it 
satisfies some additional assumptions, then the Lebesgue component in the spectrum of T v 
has countable multiplicity. 

Now we introduce a notation, which is necessary to prove the main theory. Let /, g : 
T — > Mfc(C) be functions of bounded variation (i.e. fy, gij : T — > C have bounded variation 
for i,j = 1, . . . , k) and let one of them be continuous. We will use the symbol J T f dg to 
denote the k x /c-matrix given by 

( / fdg)ij = f^dgij 

JT l=1 JT 

for i,j = l,...,d. It is clear that if g is absolutely continuous, then 

(7) ffdg=[ f(x) Dg(x)dx. 

JT JT 

Moreover, applying integration by parts, we have 

(8) / fdg = -([ g T dff. 

JT JT 



Theorem 6.1 Let ip : T — > SU(2) be a C 2 -cocycle with d((p) ^ 0. Suppose that 
the sequence {^Dp^^p^)^ 1 }^^ is uniformly convergent and {D^Dp^^p^)^ 1 )}^^ is 
bounded in L 1 (T, su(2)). Then the Lebesgue component in the spectrum ofT^ has countable 
multiplicity. Moreover, the Lebesgue component in the spectrum of T 7 (^) has countable 
multiplicity, too. 

Proof. First observe that it suffices to show that for every natural k there exists a real 
constant Ck > such that 

(9) || / Il2k-i(^ n \x))dx\\ < — 

JT 11 

for large enough natural n. Indeed, let p : T — > SU(2) be a measurable function such that 

p(x)p(x)p(Tx)~ 1 = S(x) = 

Consider the unitary operator V : 7if 2fc_1 — > 7if 2fc_1 given by 

v( nub/Ms)) = E ny^i)- 1 )/^)). 

i=l i,j=l 



7(x) 
t(x) 
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Then 



i=l i,j,l,m=l 



1=1 



From (H), CT^ : Ti.f 2k 1 — > 7^f 2fc 1 has Lebesgue spectrum of uniform multiplicity, by 
Corollary |3.3| . Hence V^Ut^V has Lebesgue spectrum of uniform multiplicity and it is the 
product of the operators U d : L 2 (T,C) -> L 2 (T,C) given by t/j/(x) = (7(x)) 2fc - 2j+1 /(Tx) 
for j — 1, ... , 2fc. Therefore t/j has absolutely continuous spectrum for j = 1, . . . , 2k. By 
Lemma |3.1| , C/j has Lebesgue spectrum for all j — 1, . . . , 2fc and /c G N. It follows that the 
Lebesgue component in the spectrum of T 7 ( v ) has countable multiplicity 
By assumption, 

n 

uniformly. Therefore 

(10) \\-D^ n \x)^ n \x))- l \\>d( V )/2 

n 

for large enough natural n. For all A,Be Mfc(C) we have ||AB|| < ||S||. Applying 

these facts, ([?]) and (||) we get 



|| / u 2k ^ n \x))dx\\ = || / r n 2fc _ 1 (^( 2 ;))(L>n 2S; _ 1 (^ n) (x)))- 1 dn 2fe _ 1 (^W(x))|| 

jn* fe _ 1 (D^W( ; r)(^(«)(x))- 1 ))-Mn 2fe _ 1 (^W( ; r))|| 
i (n 2fc _ 1 (v,W(a;)))^((n; fc _ 1 (^W(x)(^(«)(a;))- 1 ))- 1 ) r | 

(n; fe _ 1J D( J D^(x)(^(^))- 1 )) T 

< 2A; f [\\(n; k _ 1 (D^ n \x)(^ n \x))- 1 )rY 

By Lemma [4.2| , we have 

IKn^^D^Cx)^)^))- 1 ))- 1 !! < ^hd^Cx)^)^))- 1 !!- 1 . 
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From this, (f|) and fllCf ) we obtain 
Tl2k-i{^ n \x))dx\\ 



< / [||-^ (n) (^)(^ (n) (^)) _1 )ir 2 P(-^ (n) (^)(^ (n) (^)) _1 )ll]^ 

n Jj n n 



< h^Y\\D{W n) ^ n) )- l )\w 

n d(tp) n 

for large enough natural n. By assumption, there exists a real constant M > such that 
Ip^I^W^W)- 1 )!!^ < M. Then 



/ n n -i(<pi n \x))dx\\ < — 

J n 



for large enough natural n, where = ( 8 ^^ ) 2 M. ■ 

In this section we also present a class of cocycles satisfying the assumptions of Theo- 



rem 



Q|. We will need the following lemma. 



Lemma 6.2 Let {f n : T — > C d ; n G N} be a sequence of absolutely continuous func- 
tions. Assume that the sequence {/„} ne N converges in L 1 (T, M d ) to a function f and it is 
bounded for the sup norm. Suppose that there is a sequence {/i n }neN convergent in L~,(T, M) 
and a sequence {fc n }neN bounded in L 2 , (T, R) such that 

\\Df n {x)\\ < h n (x)k n (x) forX-a.e. i£T 

and for any natural n. Then {/ n }neN converges to f uniformly. 

Proof. Denote by h E L 2 + (T,R) the limit of the sequence {/i n }neN- Let M > be 
a real number such that ||fc n ||L 2 < M for all natural n. First observe that the sequence 
{fn} n m is equicontinuous. Fix e > 0. Take n e N such that \\h n — h\\ L 2 < e/2M for any 
n > uq. Then for all x, y 6 T and n > n we have 

ii/n(*)-/»(2/)ii = w r Df n {t)dtw< r \\Df n (t)\\dt 

J X J X 



< / K(t)k n {t)dt<\\k n \\ L 2 X K{t)dt 



< / // 2 W+||/'„-/'||^)<-"l/(J / /i 2 (t)rft + — ). 

Choose 5i > such that |x — y| < 5x implies h 2 (t)dt < (e/2M) 2 . Hence if | x — y\ < <5i, 
then ||/ n (a;) — /n(y)|| < £ for any n > no- Next choose < 5 < Si such that \x — y\ < 
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5 implies ||/ n (^) — fn(y)\\ < £ for any n < n . It follows that if \x — y\ < 5, then 
\\fn(x) - fn(y)\\ < £ for every natural n. 

By the Arzela-Ascoli theorem, for any subsequence of {f n }neN there exists a subse- 
quence convergent to / uniformly. Consequently, the sequence {f n }nen converges to / 
uniformly ■ 

This gives the following corollary 

Corollary 6.3 Let {f n : T — > C d ; n G N} be a sequence of absolutely continuous 
functions. Assume that the sequence {/ n }neN converges in L 1 (T, R d ) to a function f and 
it is bounded for the sup norm. Suppose that there is a sequence {h n } n€N convergent in 
£+(T, R), a sequence {k n } nG ^ bounded in L 2 + (Y, R) and a sequence {l n } n€ N convergent in 
L\(T,R) such that 

\\Df n (x)\\ < l n (x) + h n (x)k n (x) for A-a.e. X G T 
and for any natural n. Then {/ n }neN converges to f uniformly. ■ 

We will denote by BV 2 (T, SU{2)) the set of all functions / : T — > SU{2) of bounded 
variation such that Df(f)- 1 G L 2 (T,su(2)). 

Lemma 6.4 Let (p : T — > SU(2) be a C 2 -cocycle. Suppose that ip is cohomologous 
to a diagonal cocycle with a transfer function in BV 2 (T, SU(2)). Then the sequence 
{-D(p^((p^ n >)~ 1 )'} n ^ is uniformly convergent and {D(-D<p^ n > (<p^ n >)'' 1 )} ne ^ is bounded in 
L"(T,5u(2)) 

Proof. By Corollary |6~3| , it suffices to show that there exist a sequence {/i n }neN 
convergent in L^_(T, R), a sequence {k n } ne ^ bounded in L 2 (T, R) and a sequence {/ n } ne N 
convergent in L^_(T, R) such that 

|p(-^ (n) (^)(^ (ri) (^)) -1 )ll < + hJx)kJx) for A-a.e. x G T. 
n 

By assumption, there exist S,p E BV 2 (T, SU(2)) such that <f(x) = p(x) _1 5(x)p(Tx), where 
5 is a diagonal cocycle. Then 

D(p(x)(p(x)~ 1 = — p(x)~ Dp(x) + p(x)~ D8(x)5(x) p(x) + ip(x)p(Tx)~ Dp(Tx)ip(x)~ 

for A-a.e. i6l Set 

<p(x) = Dip(x)ip(x)~ , p(x) = p(x)~ l Dp(x) and S(x) = p(x)~ 1 D5(x)5(x)~ 1 p(x). 

Then <p(x) = —p(x) + Up(x) + S(x), where p , 8 G L 2 (T, su(2)). Since 

n— 1 



n n 

fc=0 
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we have 



n 

n-l fc-1 



= \ E E( Ac W ° TJ ) A v> ° Tfe ) - Ad ^ (fc) & ° Tfe ) Ad ^ w ° T ')) 

fc=o i=o 

n— 1 

+~E Ad„ w (DpT k ) 

fc=0 



n ' — ' ^ — ' n 

fc=0 3=0 fc=0 

However, 

n— 1 fe— 1 n— 1 fc— 1 

= EE[ f/J+1 ^- f/ ^ +f/ ^ f/ ^ 

fc=o i=o fc=o i=o 

n— 1 rt— 1 fc— 1 

= E t* 7 *^ _ p> ^ + E E ~ ^ + ^ 

fc=o fc=o j=o 

n—l rt— 1 fc— 1 rt— 2 

= E -p.^+EE^- ^ + E ^ - • 

fc=o fc=o j=o i=o 

Since 

E^Or) = M^ n){x)p{Tnx) -,{D5{T n x)5{T n x)- 1 ) 

= M p{x) - H(n){x) {D5{T n x)5{T n xY l ) 

= M p{x) -,{D5{T n x)5{T n xy l ), 

we have [U j 5, UH] = for any integers j, k. Observe that \\[A, B]\\ < 2\\A\\\\B\\ for any 
A, B E su(2). It follows that 

\\D{-D^\^)-')\\ 
n 

2 



< _^(||^oT fe || + ||poT fe ||||^oT fe || + \\p\\\W°T k \\ + ||5oT fc ||||poT fe+1 | 
n * — ' 

fc=0 

+l|poT»||-Ell* oT *ll- 



n 

fc=0 



Set 

n-l 



fcn = -EH 50T " 



n 

fc=0 
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kn = \\poT n \\ 

2 n_1 ~ 
l n = - y^(\\DmoT k \\ + ||poT fc ||||^oT fc || + ||p||||^oT fc || + ||5oT fc ||||poT fc+1 ||). 
n / — ' 

k=0 

By the Birkhoff ergodic theorem, the sequence {/i n }neN converges in L+(T, R) and the 
sequence {Z n }neN converges in L\(Y, R). This completes the proof. ■ 



Theorem |6.1| and Lemma |6.4] lead to the following conclusion. 

Corollary 6.5 Let ip : T — > SU(2) be a C 2 -cocycle with d(<p) 7^ 0. Suppose that ip 
is cohomologous to a diagonal cocycle with a transfer function in BV 2 (T, 577(2)). Then 
the Lebesgue component in the spectrum of T v has countable multiplicity. Moreover, the 
Lebesgue component in the spectrum of Tjf^ has countable multiplicity, too. 

The following result will be useful in the next section of the paper. 

Proposition 6.6 For every C 2 -cocycle ip : T — ► SU(2), the sequence 



1 

n 



2 D{D<pV>{<pW)-* 



converges to zero in L 1 (T, su(2)). 



The following lemmas are some simple generalizations of some classical results. Their 
proofs are left to the reader. 

Lemma 6.7 Let {a^jngN be an increasing sequence of natural numbers and let {f n }nen 
be a sequence in the Banach space L 2 (T, M2(C)). Then 

fn+1 ~ fn -+gin L 2 (T,M 2 (C)) -^ 9 inL 2 (T,M 2 (C)). 

Q"n+1 ^n C^n 



Lemma 6.8 Let {g^; n G N, < k < n} be a triangular matrix of elements from 
L 2 (T,M 2 (C)) such that \\g»\\ = 0(l/n) and 

gZ + gf + .-.+g^^g m L 2 (T,M 2 (C)). 
Then f n —*fin L 2 (T, M 2 (C)) implies 

n—1 n—1 

Y,9kfk^9f and ™ L\J,M 2 (C)). 

k=0 k=0 
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Proof of Proposition |6.6| . First recall that 

n-l fc-1 



n-l 



k=0 j=0 



k=0 



where <p = Dipi^ip) -1 and 

-V*t7 fc £->V in L 2 (T,su(2)). 



n-l 



fc=0 



Since -j X]fc=o U k (Dip) uniformly converges to zero, it suffices to show that 



n-l fc-1 



n-l fc-1 



lim 4 'yyU i $U k $= lim 4 VVf/V^= in L 2 (T,M 2 (C)). 

n^oo ^ — ' ^ — ' n^oo n ^ — ' 2 

fc=0 j=0 k=0 j=0 

Set / n = X]fc=o( n ~~ k)U k <p and a n = n 2 . Then 



a n+l ~~ a n 



(n + l) 2 -n 2 



2n + 1 



in L 2 (T, M 2 (C)). Applying Lemma p^, we get 



n-l 

_£(n-A;)tf*£--V> in L 2 (T,M 2 (C)). 



k=0 



Therefore 



.. n—l n—l 1 n— 1 .. 1 



fc=0 



k=0 



k=0 



in L 2 (T,M 2 (C)). Applying Lemma |J with ^ 
conclude that 



2 r 2 

£/ fc ^ and / fe = |^=d^^> we 

E^/* = ^EE l7 *^- > ^^ 



n-l 



n-l fc-1 



fc=0 



fc=0 j=0 



and 



n— 1 n—l fc— 1 1 

fc=0 k=0 j=0 



in L 2 (T, M 2 (C)), which completes the proof. 
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7 Possible values of degree 



One may ask what we know about the set of possible values of degree. For G = T 
the degree of each smooth cocycle is an integer number. Probably, in the case of cocycles 
with values in SU(2) the set of possible values of degree is more complicated. However, in 
this section we show that if a is the golden ratio, then the degree of each smooth cocycle 
belongs to 27rNo. The idea of renormalization, which is used to prove this result is due to 
Rychlik §. 

Let a be the golden ratio (i.e. the positive root of the equation a 2 + a = 1). It will 
be advantageous for our notation to consider the interval [—a 2 , a) to be the model of the 
circle. Then the map T : [—a 2 , a) — * [—a 2 , a) given by 



T(x) 



x + a for x E [— a 2 ,0) 
x — a 2 for x G [0, a) 



is the rotation by a. Let X = [—a 2 , a 3 ). Then the first return time to X, which we call r, 
satisfies the following formula 



t(x) 



1 for iG [0, a 3 ) 

2 for xe[-a 2 ,0) 



and the first return map Tx '■ X — > X is equal to T up to a linear scaling. Indeed, if 
M : T — > X is the map given by M(x) = —ax, then Tx ° M = M o T. 
By W l we mean the space of all cocycle (p : T — ► SU(2) such that the functions (p : 
[-a 2 , 0) -»■ 5*7(2), <^ : [0, a) -»■ 5C/(2) are both of class C 1 and 

lim /J)<^(x)v?(x) _1 and lim DLf(x)(p(x)~ 1 

exist. The topology of W l is induced from C 1 ((— a 2 ,0) U (0, at)). Consider the renormal- 
ization operator $ : W l — > VF 1 defined by 



$<^(x) = <^W M ^(Mx 



Then 



y,(*H-i)(M n x) for xG[-a 2 ,0) 
^( 9 n+2)j M n x j for xG [o )a ) 

for any natural n, where {q n }nen is the Fibonacci sequence. By Wq we mean the set of all 
cocycles <p G W l such that <pW is continuous at 0. The set Wq is a closed subset of W 1 
and 

(11) W 1 ) C 

(see [|]). It is easy to check that ||7J>($</?)(<lv) -1 || L i < | \D(p ((p)~ 1 || L i for any ^ G W 1 . The 
following result is due to M. Rychlik ||. 
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Proposition 7.1 If \\D($ k ip)($ k (p) 1 \\ L i = \\Dip(ip) 1 \\ L i for all natural k, then 
Dtp{x){tp{x))- 1 = aM^D^Tx^Tx))- 1 } 
for every x G [—a 2 , 0). ■ 

Lemma 7.2 Let ip : T — > SU(2) be a C 2 -cocycle. Assume that 

-^ (n) (o)(v^ (n) (o)) _1 -> # e su(2) 

n 

and £nere zs an increasing sequence {nk}kem of even numbers such that 

ra n k 

\ima nk I \D(Dip {qn ^\x)(ip (qn ^\x))- 1 )\dx = 

k-*oo J Q 

fori = 1,2. Tnen ||#|| e 2ttN . 

Proof. First note that 

, v , xn-i_J a n D^(**+ 1 )(M n x)(y(**+ 1 )(M n a:))- 1 for xe[-a 2 ,0) 

WK<P <^j) - | a n£) ¥ ,(?n+2)( A fn a; )( ¥ ,(?n + 2)( M n a .))-l for x g [0, Ct) 

for any even n. Since 

\^—Dip^+ i \M n x)(^ qn+i) (M n x))- 1 - ^ J D V 9 (9 ' l+l) (0)(^ (<?n+l) (0)) _1 | 



< / ^(/V^V^r 1 )!^ < -a n \D(Dtp { - q "+ i \^ qn +^)- 1 )\d\ 

for all even n, i — 1, 2 and 

lim a n q n+ i = 1/(1 + a 2 ), lim a n q n+2 = l/(a + a 3 ), 

it follows that 

lim D^x^x)^^))- 1 = lim a nk q nk+1 -^— J D^^+ 1 )(0)(^ (9 ^+ l) (0))- 1 

= 

1 + a 2 

uniformly on [— a 2 ,0) and 

lim D^^x^x^x))- 1 = lim a n Xq nk+2 -^D^ +2 \<d)(^ {q ^ +2 \Q))- 1 

a + a a 
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uniformly on [0, a). Therefore we can assume that there exists v G W 1 such that 

-> v and D^cpi^cp)- 1 -> Dt; tT 1 

uniformly. Then 



where A = l/(a + a 3 ) If G su(2). Therefore 

f (x) = 



e axA B for ^ e [_ ft 2 ; q) 

e xA C for iG[0,a), 

where B = f_(0) and C = t'+(0). Since the set Wq C P^ 1 is closed and ^-invariant, 
v G Wq 1 . It follows that 

(12) Ce' a3A B = Be aA C. 

Since v is a limit point of the sequence {<f> n (p} n g$, we have \\D<& k v(<& k v = \\Dvv 
for any natural k. By Proposition |7.1| , 



lim Dv(x)(v(x)) 1 = a Ad„_(o) lim Dv(x)(v(x)) . 

Hence 



-(0) 

x— >0 x— >a 



aA = a Ad B (A) 

and finally AB = BA. Therefore 



e -axA C for x e [_ a 2 ; q-j 
e -aA4oA BC for x (= [0, a). 



By Proposition |7TT| , 



lim (a;)) 1 = a Ad $t _ (0 ) lim D$v(x)($v(x)) 1 . 

Hence 



-(o) 

X— >0 2!— »Q 



-a A = aAdc(-A) 

and finally AC = CA. It follows that B and C commute, by (|12"D. From (|T2"D, we obtain 
e («+« 3 M = M Therefore ||#|| = ||(q + a 3 )A\\ G 2ttN . ■ 

Theorem 7.3 Suppose that a is the golden ratio. Then for every C 2 -cocycle ip : T — > 
SU{2), we have d(<p) G 2ttN . 

Proof. Fix n G N such that 2a 2n [l/2a 2n ] > 4/5. Set Ij = [2(j - l)a 2n ,2ja 2n ] for 
j e E = {1, . . . , [l/2a 2n ]} and e n = \ L \D{D^\^)- l )\d\. By Proposition KB, e n 
tends to zero. For z = 1, 2 define 

Ei = {jeE- J 2 / | J D(L>^^)(^(^)- 1 )| t iA<10£ 2n+i }. 

2Ct <?2n+i ^/j 
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Then 



<?2n+i J J 



D{D^ q2n+l \^ q2n+l) )- 1 )\d\ 

> [ \D{D^ q2 ^\^ q2 ^ ) )' 1 )\d\ 

> 20a 2n e 2n+i (il/2a 2n ]-#E l ). 



Hence 

JkE; > n /9n>lh - 

10[l/2a 2n ] 7 ~ 8 



1 1 l?n 2n 7 
m > [1/2« 2 "](1 - -j^-^) > -[l/2a 2 «] 



for i = 1,2. Therefore 



n £ 2 ) > 4E X + #£ 2 - > ^[i/2a 2 "]. 



- l)a 2n ] 



2n+i 



Define 

G n = |J [(2j - 2)a 2n , (2j - 1) 
Observe that y G G n implies 

—5—5 — / |D(D^ ( '' 2 "+ l) (^ (92 "+ l) )- 1 )|c/A < 10e 
for i — 1,2 and 

A(C n ) > a 2n #(^ n £ 2 ) > ^2a 2 "[l/2« 2 "] > 1. 
Set G' = p| (J G k . Then A(G') > 3/10. Since ±D(pW ((p™)- 1 -> V almost everywhere, 
we see that the set 

n 

has positive measure. 

For every y G T denote by : T — > Si7 (2) the C 2 -cocycle <^ y (x) = <^(x + y). Suppose 

that y G G. Then ^Dy^^OXy^^O)) -1 — * V'G/) an d there exists an increasing sequence 
{^fcjfceN of natural numbers such that y G G nk for any natural k. Hence 



a 



2n 

2n k 



P \D{D^ +i \^ nk+i) r X )\d\ < 20(a 2 ^q 2nk+l ) 2 e 2nk+l 
Jo 



for i — 1,2. Since the sequence {a n g n+ j} ng N converges for i — 1,2 and £ n tends to zero, 
letting fc^oowe have 

pa 2 "k 

\ima 2nk / \D(Dv ( y ,2nk+t \vy 2nk+t) )- 1 )\d\ = 



for i = 1,2. By Lemma |772| , ||^(?/)|| G 27rNo for every y E G. Since d(</?) = 11^(^)11 f° r a - e - 
y G T, we conclude that d((p) G 27rN . ■ 
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8 2— dimensional case 

In this section we will be concerned with properties of smooth cocycles over ergodic 
rotations on the 2-dimensional torus with values in SU(2). By T 2 we will mean the group 
M 2 /Z 2 . We will identify functions on T 2 with periodic of period 1 in each coordinates 
functions on M. 2 . Suppose that T(xi,x 2 ) = (xi + a,x 2 + 0) is an ergodic rotation on T 2 . 
Let ip : T 2 — > SU(2) be a C 1 — cocycle over the rotation T. Analysis similar to that in 
Section 2 shows that there exists ipi G L 2 (T 2 , su(2)), i — 1,2 such that 

-rP W (P W )"^* in L 2 (J 2 ,m(2)). 

n oxi 

Moreover, ||^|| is a A® A-a.e. constant function and ip{x^^i(Tx)p>(x)~ l = ^(x) for A(g>A- 
a.e. ac G T x T for i = 1,2. 

Definition 2 The pair 

n-*oo n OT 2 

will be called the degree of the cocycle : T 2 — > SU(2) and denoted by c?(<£>). 
Similarly, one can prove the following 

Theorem 8.1 If d(tp) ^ 0, then ip is cohomologous to a diagonal cocycle T 2 3 x i— > 
7(x) 1 

,_. G SU(2), where 7 : T 2 — > T measurable. Moreover, the skew product 
7(x) J 

T 7 : T 2 x T — ► T 2 x T is ergodic and it is mixing on the orthocomplement of the space of 
functions depending only on the first two variables. ■ 



Analysis similar to that in the proof of Theorem |6.1| gives 

Theorem 8.2 Let <p : T 2 — > SU{2) be a C 2 -cocycle with d(ip) 7^ 0. Suppose that the 
sequence {^-£r.¥ {n) {^Y 1 } nen is uniformly convergent and {^.(I^-^W^n))- 1 )}^ is 
bounded in L 2 (T 2 , su(2)) fori = 1,2. Then the Lebesgue component in the spectrum ofT v 
has countable multiplicity. ■ 

By BV n (T 2 , 577(2)) we mean the set of all measurable functions / : T 2 — > SU(2) such 
that 

• the functions f(x, ■),/(•, x) : T — > SU{2) are of bounded variation for any iGT; 

• the functions gf^/(/) _1 ) ^f(f) 1 '■ ^ 2 — > su(2) are Riemann integrable for i = 1,2. 
Then we immediately get the following 
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Lemma 8.3 Let ip : T 2 — > SU(2) be a C 2 -cocycle. Suppose that ip is cohomologous 
to a diagonal cocycle with a transfer function in BV n (T 2 , SU(2)) . Then the sequence 
{n^^ (n) (^ (n) ) _1 }«eN is uniformly convergent and {^{\-^V {n) {^Y^nen is uniformly 
bounded for % — 1,2. ■ 

It is easy to check that if ip is cohomologous to a diagonal cocycle via a C 1 transfer 
function, then d(tp) G 27r(No x No). However, in the next section we show that for every 
ergodic rotation T(xi, x 2 ) = (xi + a, x 2 + 13) there exists a smooth cocycle whose degree is 
equal to 27r(|/3|, |a|). 



9 Cocycles over flows 

Let uj be an irrational number. By S : R x T 2 — > T we mean the ergodic flow defined 

by 

(13) S t (x 1 ,x 2 ) — (xi + tu, x 2 + t). 

Let ip : R x T 2 -> S77(2) be a smooth cocycle over 5, i.e. 

<Pt+ s (s) = <Pt(x)<p 8 (S t x) 

for all t, s G R, x G T 2 or equivalently, ip is the fundamental matrix solution for a linear 
differential system 

j t y{t)=y{t)A{S t x) ) 
where A : T 2 — > su(2), i.e. satisfies 

" |^t(^) = y t (x)i4(S , t x) 



Then 



<^ (a;) = Id. 



(9 d d 

—ipt+si^ipt+six)- 1 = — ipti^iptix)' 1 + kd ipt{S:) —p s (S t x)p s (StxY l . 



Hence 

d d d 

\\— ^ +s (v?t +s ) _1 || L i < H^^t^t) -1 !!^ + ll^^^^) -1 !!^ 

It follows that the limit 

exists for i = 1, 2. 

Definition 3 The pair 

19 d 

} im Tn(\\^— l Pt(<Pt)~ 1 \\Li, ||— ^ t (^ t ) _1 || L i) 

t^oo |t| C/Xi (7X2 

will be called the degree of the cocycle <p : R x T 2 — > SU(2) and denoted by d(</?). 
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For a given cocycle ^:IxT 2 ^ SU(2) over the flow S, by tp : T -> 5C/(2) we 
will mean the cocycle over the rotation Trr = x + u defined by (p{x) = ipi(x,0). Then 

Lemma 9.1 d(ip) = (1, \uj\)d{(p). 

Proof. First observe that 
<p X2 {x 1 - x 2 uj, 0)v?„(xi, x 2 ) = ^„+x 2 (a;i - x 2 uj, 0) = </? n (^i - x 2 u, 0)(p X2 (xi - x 2 uj + nu, 0). 
Hence 

(p n (xi,X 2 ) = <f X2 ( x l ~ X 2 U,0)~ 1 (p in) (x 1 -X 2 U))ip X2 (x 1 - X 2 U + TIL}, 0) 

for all Xi,x 2 G R and n G N. Fix (x 1 ,x 2 ) G [0, 1] x [0, 1]. Then 

d _ d 

(Pn(xi,X2)(Pn{xi,X 2 ) 1 = -<Px 2 { x l ~ X 2 U , 0)" 1 -—(p X2 (x! - X 2 U,0) 



+ Ad v , iea ( a . 1 _ xaW) o)-i(D^ (n) (a;i - x 2 cj)^ {n) (a;i - x 2 cj) _1 ) 

+ A d VBa (xi-x a a; ) 0)-^(»)(xi-x a a;)(g^ <Px 2 (xi ~ ^ + ™, 0)^ xa (xi - X 2 W + 0)" 1 ). 

It follows that 



dx 1 



dxi 

•1 ,1 Q 



VniVn) ~ / / \\Dfi (n) (x 1 -x 2 uj)fi {n) {x 1 -x 2 uj) 1 \\dx 1 dx 2 \ 



«/0 



< 2 J J \\— (p X2 (x! - x 2 u,0)(p X2 (x! - x 2 u,0) 1 \\dx 1 dx 2 . 
Therefore 

lim -H^-^WIli = lim -\\D(p {n \ft n) )- l \\» = d{tp). 

n— >oo n OX i n->oo n 

Similarly 

d _ d 

-<p n (x 1 ,x 2 )<p n (x 1 ,x 2 ) 1 = -ip X2 {xi -rr^O) -1 — <p X2 (xi -x 2 u,0) 



d 

+ uj(p X2 (x 1 - x 2 uj,0)~ 1 —ip X2 (x 1 -x 2 u,0) 



~ w M {px2{x ^ X2Ulfi) -i{D(p {n) {x 1 - x 2 uj)(p {n \x 1 - x 2 u) ^ 

,d_ 



d 

(xi— X2W,0) (ii- x 2 o; )( 01^x2(^1 -x 2 w + ruj,0)(p xa (x 1 -x 2 u + nu,0) ) 



9 

-wAd^ (jl _ l2Ui0) -i ?W(ll _ w) (— ^ 2 (si - x 2 u + nuj, 0)v?x 2 (a;i - x 2 u + ruv, 0)" 1 ). 
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It follows that 
„ d 



dx 2 

■ : ,. I 

< 



Therefore 



2 / Wg^^^i ~ x 2^,Q)fx 2 (xi - x 2 uj,0y 1 \\dx 1 dx 2 
f 1 f 1 d 

+ 2\u\ / / || - — Lf X2 (xi - x 2 to,0)fx 2 (xi - x 2 uj,0)~ 1 \\dxidx2. 
Jo Jo v x i 



lim -W^-MVn)- 1 ^ = \co\ lim -\\Dft n \(p^)- l \\ L1 = \u\d{tp), 

n-»oo n OX 2 n->oo n 



and the proof is complete. ■ 

Lemma 9.2 For any C 2 -cocycle ip : T — > 577(2) over the rotation T there exists a 
C 2 -cocycle if : R x T 2 — > SU{2) over the flow S such that <p = ip. 

Proof. Since the fundamental group of 577(2) is trivial, we can choose a C 2 -homotopy 
ip : [0, 1] X T -> S77(2) such that 



Id for t G [0,1/4] 
^(ac) for t G [3/4,1]. 



By ^:lxT^ 577(2) we mean the C 2 -function determined by 

■0(n + t, x) = ip^ n \x)ip(t, x + nu) 
for any t G [0, 1] and n G Z. Then it is easy to check that 

(14) V^ + M) = V ,(n) ( :c )V , (^^ + ri ^) 

for any t G R and n G Z. Let p : R x M 2 -> 5C/(2) be defined by 

(p t (x 1: x 2 ) = i/j(x 2 , Xi - x 2 oj)~ 1 ip(t + X 2 , Xi - x 2 u). 

It is easy to see that ipt(xi + l,x 2 ) = ipt(xi,x 2 ) and ip t {xi,x 2 + 1) = (p t (xi,x 2 ), by flT4]). 
Then ^ : 1 x T 2 -> 577 (2) is a C 2 -function and 

<^t+ s (S) = ip{x 2 ,xi - x 2 uj)~ l il)(t + s + x 2 ,Xi - x 2 uj) 
= ip(x 2 ,xi - x 2 u)~ l ij){t + x 2 ,xi -x 2 u) 

ip(x 2 + t, (xi + too) - (x 2 + i)uj)~ l il)(s + (x 2 + t), (xi + tuj) - (x 2 + t)u) 
= ip t (x)ip s (S t x). 

Moreover, 

(p(x) = <fi(x,0) = il)(Q,x)~" l i)(l,x) = ip(x), 
which completes the proof. ■ 

Suppose that a, ft, 1 are independent over Q. Set uj = a/ ft. 
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Theorem 9.3 For every ergodic rotation T(xi,x 2 ) = (x± + a,x 2 + (3) and for every 
natural k there exists a C 2 -cocycle over T whose degree is equal to 2irk(\/3\, \ce\). 

Proof. Let 5* denote the ergodic flow given by ([T3|). Suppose that : R x T 2 — > SU (2) 
is a C 2 -cocycle over S such that d((p) = 2nk. Consider the cocycle <pp : T — ► SU(2) over 
the rotation T = Sp. Then (p^ = (pp n and 

It follows that 

d(^) = |/3|%>) = 101(1, M) d{Zp) = (|0|, |a|) d(0), 
which proves the theorem. ■ 

Suppose that G (0, 1). Let <£> : R x T 2 — ► 5*?/ (2) be a C 2 -cocycle over S such that is 
a diagonal C 2 -cocycle with nonzero degree. Set T = Sp and ^ = Let p : T 2 — > SU(2) 
be a £?V^-function such that 

p(xi, x 2 ) = ^(xi - x 2 w, 0)" 1 

for {x u x 2 ) e R X [0,1). Then 



ip X2+ p(xi - x 2 u, 0) 1 for x 2 G [0,1-/3) 
</? X2+i g-i(xi - (x 2 - 1)^,0) _1 for x 2 G [1-/3,1). 



p(T(xi,x 2 )) = 
Moreover, 

V9 X2 +/3(a;i - x 2 w, 0) = v?x 2 (xi - a; 2 u;, 0)^(xi, x 2 ) 

and 

V9 X2+( g_i(xi - (X 2 - 0) = <^_i(xi - (X 2 - 0)tp X2+ p(xi - X 2 UJ, 0) 

= 9?i(xi - x 2 uJ,0)~ 1 (p X2+ p(x 1 - x 2 u,0). 

It follows that pfflSfflpiTx)' 1 = ip(x), where 5 : T 2 — > SU(2) is the diagonal BV n - 
co cycle given by 



5(xi,x 2 ] 



Id for x 2 G [0, 1 — /3) 
^(xi — x 2 u;) for x 2 G [1 — /3, 1). 



Lemma 9.4 Let : T 2 — > T be a cocycle over the rotation T(x±, x 2 ) = {x\ + a, x 2 + f3). 
Suppose that </>|Tx [0, 7), 0|Tx [7, 1) are ^-functions, where 7 is irrational. Ifd((f>( • , 0)) ^ 
d(cj)( ■ ,7)), then <fi is not a coboundary. 
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Proof. Set h = [0,7), h = [7,1), ai =^(0(-,O)) and a 2 = d((f)( ■ , 7)) . Then 
there exists a function : T 2 — > R such that 0|T x J, is of class C 1 for j = 1,2 and 
0(xi,x 2 ) = exp 2m((j>(xi, x 2 ) + ajXi) for any (xi,x 2 ) G T x 7^. 

Clearly, it suffices to show that 

<f>( n \xi, x 2 )dx\dx 2 — > 0. 

T 2 

Next note that 

(n) (xi,x 2 ) = exp2ni((j) {n) (x 1 ,x 2 ) + (ai£%(x 2 ) + a 2 S%(x 2 ))x 1 +c n (x 2 )), 

where S™(x) = J22=o ^-h( x + an d c ra(^) = Sfc=o + a 2 l/ 2 )(a; + kP)- Since the 

rotation by /3 is uniquely ergo die, 

-(aiS? + a 2 S£) -> 017 + a 2 (l - 7) 

uniformly. Since ai 7^ a 2 and 7 is irrational, there exists S > and no G N such that 
\aiSi(x) + a 2 S% (x)\ > nS for all x G T and n > no- Applying integration by parts, we get 

n \x\, x 2 )dx\dx 2 \ 

T 2 

< f \ f e 2 ^ ( ™H^i^2)+(ai5"(x 2 )+a 2 5 2 ™(x 2 ))x lrfxi | rfa , 2 

Jo 7o 

= f 1 \ I f 1 e 2ni^Hx u x 2 ) de 2iri(a 1 S?(x 2 )+a 2 S2(x 2 ))x 1 \ - 

io 27r|a 11 S 1 ™(x 2 )+a 2 ^(x 2 )| l > /o 



1 r 1 

1 ' ' e 2 7 rj(aiS 1 ' l (a; 2 )+a 2 5J(3: 2 ))a;i^ e 27ri0(")(xi,a; 2 )y a , 



/ 2ir\ ai S?(x 2 ) +a 2 S%(x 2 ) | 'Jo 

Jo Jo 9xi 

1 /" (9 ~ 

^ ~E1 \^—(f> {n) (x 1 ,x 2 )\dx 1 dx 2 . 
nb J T 2 ox 1 

Since ^GLH^C), 

-0 (n) -> / T —</>(x 1 ,x 2 )dx 1 dx2 = 
7 J T2 dxi 



1 9 



n 

in L 1 (T 2 , C), by the Birkhoff ergodic theorem, and the proof in complete. ■ 
This leads to the following conclusion. 

Corollary 9.5 For every ergodic rotation T on T 2 there exists a C 2 -cocycle ip with 
nonzero degree such that the Lebesgue component in the spectrum of has countable 
multiplicity and ip is not cohomologous to any diagonal C l -cocycle. 
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6{xi,x 2 ) 



Define xjj = (pp. 



Proof. Let p : T — > T be a C 2 -function with nonzero topological degree. Let ip : 
RxT 2 -> SU(2) be a C 2 -cocycle over 5 such that p = jjj ° x 

Then d(^>) = 27r(|/3|, |a|)|d(<£)| 7^ 0. Moreover, ^ and the diagonal cocycle 5 : T 2 — > SU(2) 
given by 

Id for x 2 G [0, 1 - /3) 
^(xi - x 2 ^) for x 2 G [1 - /3, 1) 

are cohomologous with a transfer function in BV n {Y 2 , SU(2)). Applying Theorem |8.2| and 
Lemma |3.3| , we get the first part of our claim. 

Next suppose that ip is cohomologous to a diagonal C 1 -cocycle. Then it is easy to see 
that the cocycle 77 : T 2 — > T given by 

Id for x 2 G [0, 1 - /3) 
<p(xi — x 2 co) for x 2 G [1 — /3, 1). 

is cohomologous to a C 1 -cocycle g : T 2 — > T. Applying Lemma |9.4| for = 77 g -1 and 
7 = 1 — (3 we find that rj g~ l is not a coboundary, which completes the proof. ■ 



T](X 1 ,X 2 ) 
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